1. In view of the recent work on topological groups it is natural to consider the situation which arises when such groups act as transformation groups on various types of spaces. Such a study is begun here from the point of view of almost periodic transformation groups, the definition of which is suggested by von Neumann's paper on almost periodic functions in a group.f Compact topological transformation groups are a special case of almost periodic transformation groups, at least for a rather wide class of spaces. The paper concerns itself chiefly with the nature of the minimal closed invariant sets of such groups. There are some results for general spaces but the main results are for Euclidean spaces and more particularly for threedimensional Euclidean spaces. One of the most interesting theorems states that if a compact one-dimensional group acts on three-space in such a way that its orbits are uniformly bounded in diameter, then every point of the space is fixed under the group, so that if such a group is to act in a nontrivial manner the diameters of its orbits must be unbounded. Under some restrictions a similar theorem is proved for one-parameter almost periodic groups. Furthermore it is shown that for this latter class of groups, many of the orbits must actually be simple closed curves if they have one-dimensional closures.
2. The group considered here will be denoted by G. It will be subjected to various conditions as the occasion demands but it will always be Abelian. In case it is the group of real numbers, it will be spoken of as a one-parameter group; in case it is the real numbers reduced modulo one, it will be spoken of as the circle group. The space on which the group acts will be denoted by R. It will be specialized in various ways, but in any case it will always be a locally compact metric space. If x and y are two points of R, the distance between them will be denoted by d(x, y). Definition 1. The group G is said to be a transformation group (t.g.) of R if the following conditions are satisfied:
(1) for every g in G there is a homeomorphism of R into itself denoted by xl=g{x); (2) if g3 = g1+g2, then g3(x) = g1[g2(x)].
Definition 2* If G is a t.g. of R, G is said to be an almost periodic t.g. (a.p.t.g.) if for every a in R there is a neighborhood U(a) having the following property:
For any e>0 there is a finite set of elements g]; g2, ■ ■ ■ , gn in G which are such that for any g in G there is an i such that d[g(x), gi(x)] <e for all x in G[U(a)].j No use is made of a topology in G in either of these two definitions so that in them G may or may not be topological.
Definition
3. If G is a topological group and a t.g. of R, then G is said to be a topological t.g. of R provided that g(x) is continuous simultaneously in x and g.
A t.g. may of course be both topological and a.p. If R is locally compact, a compact topological t.g. is an a.p.t.g.
4. The t.g. G is said to be regular^ if for every positive e and every a in R there is a d such that if d(x, a) <d, then d[g(x), g(a)]<e for all g in G.
Theorem 1. If G is an a.p.t.g. it is regular.
Let e be any positive number, and let a be any point of R; let U(a) be the neighborhood of Definition 2, and let gi, g2, • • • , gn be the finite set of elements associated with e/3. Since gi(x) is a homeomorphism, we may choose U1(a) within U(a) in such a way that if x is in U1(a) then d[gi(a), gi(x)] < e/3 (i = 1, 2, • • • , n).
If g is any element of G, there is an i such that The set Oa is the minimal closed set including Oa so that for the proof of the first part of the theorem it is only necessary to prove that Oa is invariant. Any point p in 0" is the limit of a set of points pn = gn(a).\ But then g(p) is the limit of g(pn) = (g+gn) (a) and hence for every g, g(p) is in Oa which proves that Oa is invariant.
It will now be shown that if 6 is in Oa then Oa=Ob. It is clear that Ob is in On. To prove that Oa is in Ob it will be shown that a is in Ob. Let a positive number e be given, and choose d so that if d(x, b) <d, then d[g(x), g(b)] <e for all g. Since 6 is in Oa there is a g such that d[g(a), b] <d. Therefore d[a, -g(b) ]<e; that is, there are points of Ob arbitrarily near a, which is sufficient for the proof.
The following theorem is due in essence to KerekjartoJ who stated it for the group of integers and a special R. Only a sketch of the proof will be given.
Theorem 3. If G is a regular t.g. of a complete metric space R, then Oxfor any x is homeomorphic to a topological Abelian group.
The set Ox is a metric space and in order to prove the theorem it must be shown that the points of Ox may be considered as the elements of a group in such a way that a + b and -a are continuous operations. It will first be shown how a + b may be defined for any a and b in Ox. Let A and B be small closed neighborhoods of a and b in Ox, and let 5 and T contain those elements 5 and t of G such that s(x) is in A and t(x) is in B. Now let C be the set of points of the form (s + t)(x), where s is in 5 and / is in T. It will be shown that the diameter of C may be made arbitrarily small by choosing A and B to have sufficiently small diameters. The point (si -s2)(x) is near x if A is sufficiently small, for since Si(x) is near a, ( -s2+Si)(x) is near -s2(a) by regularity and -s2(a) is near x by regularity.
Similarly (t1 -t2)(x) is near x. From these facts we see, because of regularity, that (si -s2+tx -t2)(x) is near x. Hence, again by regularity, points of the type {si+tx)(x) form a set of small diameter (because they are near (s2+t2)(x) for fixed s2 and t2). As the diameters of A and B approach zero, the diameter of the set C therefore approaches zero and since R is complete, C must shrink toward a limit point which is defined to be a+b. This operation is clearly commutative and associative, and the process of defining it shows that it is also continuous simultaneously in a and b. In the above notation let D be all points of the form -s(x). The diameter of D approaches zero with that of A, and the point approached by the shrinking set D is defined to be -a. This element satisfies the group postulates for an inverse and is continuous. The theorem is therefore completely demonstrated.
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ALMOST PERIODIC TRANSFORMATION GROUPS 325 Theorem 4. If G is an a.p.t.g. of a complete metric space then Oa is homeomorphic to a compact topological group.
By Theorem 3, Oa is a topological group and it is a compact set because it is closed and conditionally compact.f If G is a compact topological t.g. of R, then those elements of G, say H(a), which leave a fixed form a compact subgroup of G, and Oa which in this case equals Oa is in reality the difference group G -H(a). It is true therefore that the dimension of G is equal to the sum of the dimensions of Oa and H(a).% 3. If G is an a.p.t.g. of R, let F denote all points of R which are fixed under the action of every element of G, and let M be the set of moving points, that is, the set of points which are moved by some element of G. The set F is closed and hence M is open. Under the action of G, R is divided into a family of non-overlapping sets, the minimal closed invariant sets. This is a continuous family, for from Definition 2 it follows that if xn-*x, then 0Xn-+Ox. Consider a set of elements R* in one-to-one correspondence with the minimal closed invariant sets of R. If x* is the element of R* corresponding to Ox, let L(x) =x*, this being the definition of the function L(x). It is clearly single valued, but in general its inverse is multiple valued. The set R* may be made a metric space called the auxiliary space by the definition We shall now be concerned with the case in which R is Rn, Euclidean space of n dimensions. If G is a t.g. of Rn a point may be added to Rn to make it Rn the w-sphere, and G may be extended to a t.g. of Rn by simply requiring that this point be fixed under all elements of G. If G is topological, it remains so by this definition; whether or not a group retains its a.p. character by this extension need not concern us. In any case the function L(x) remains continuous in the extended case for an a.p.t.g. The space R * is compact, connected, and locally connected.
4. We prove the following theorem. and let the coordinates of g(x) be denoted by [g(x)]i. For each fixed i and x, [g(x)]i is a real valued a.p. function defined on the group G. This follows from the definitions of a.p.t.g. and a.p. functions. This function has a meanf which will be denoted by Fi(x). The n functions Fi(x) determine a point denoted by F(x). Hence we have defined a transformation of the space Rn into itself. By the properties of the mean this function is constant on an orbit 0". The continuity of the function or transformation can be seen in the following way. If the point at infinity P" be added to Rn to form the space R", F(x) may be extended by defining F(Pai) =PX, and the resulting transformation of R" into itself is continuous. The transformation of Rn is also essential;! this is because the degree of F is one, and we see this from the fact that no point can move to its diametrically opposite point since in Rn d[x, F(x)] <K(n)112.
We h(x*) must be an essential transformation of R* into Rn. If this were not the case there would be a function h(x*, t) defined for every x* in R* and for every / in the interval 0 1, this function being such that h(x*, 0) =h(x*) and h(x*, 1) is constant. But then
is a deformation of F{x) having properties similar to the ones just mentioned for h(x*, t), and this implies that F{x) is not essential. From this contradiction we conclude that h(x*) is essential and hence that R* is cyclic; that is, it contains an w-dimensional power cycle which is not homologous to zero.
Corollary.
If G is an a.p.t.g. of Rn and if R* is not cyclic, then the diameters of the orbits in Rn are unbounded.
The theorem below can be applied more easily than Theorem 5 to certain special cases which will be considered later. The set L(M) is denoted by M*, L(F) by F*. Theorem 6. // G is an a.p.t.g. of Rn whose orbits are uniformly bounded, and if the dimension of M* is less than n, then every point of Rn is fixed under G.
The set F* is homeomorphic to F, and if we assume that the theorem is false and that the set M is not vacuous, then F* is homeomorphic to a proper part of the sphere Rn. The set F* itself therefore cannot be cyclic. Since M is at most (n -l)-dimensional, F*+M* cannot contain a power cycle homologous to zero. This can be seen from the Phragmen-Brouwerf theorem. Therefore F*+M* is not cyclic, but this contradicts Theorem 5, so that we must conclude that M is vacuous and that the theorem is true.
Theorem 7. If G is an a.p.t.g. of R", then no minimal closed invariant set is n-dimensional and at least one such set is of dimension less than (n-l).
If a minimal closed invariant set were w-dimensional, it would have to contain an interior point of Rnt and the family of minimal closed invariant sets could not be a continuous family in this case.
Suppose now that every minimal closed invariant set is in -^-dimensional. If Oa is (n-l)-dimensional, it goes by an e-transformation into a set containing an (n-1)-dimensional torus; § and therefore Oa must separate Rn.\\ The point L(Oa) must therefore separate ic"*. Hence every point except possibly P* is a cut point of R *. But since R * must have at least two non-cut points, If we see that at least one minimal closed invariant set is less than (»-l)-dimensional. 5. For the application of these theorems to certain special cases a few preliminary facts are necessary and these will now be discussed. Let G be an a.p.t.g. of R, and let A be a subgroup of G. It can be verified that A is also an a. 
This is a unique definition and by it the transformations b(x*) are homeomorphisms of R satisfying the conditions for a t.g.
Theorem 8. Under the conditions given above B is an a.p.t.g. of RA.
Only the a.p. character of B remains to be proved. Let a* be any point of RA; then Lrl(a*) is a minimal closed invariant set in R which will be denoted by Oa(A), the point a being selected as any point of the set. Since G is a.p. there is a neighborhood U(a) having the property that for every positive d there is a finite set gi, g2, • ■ • , gn such that for any g in G there is an i such that d[g(x), gi(x)] <d for all x in G[U(a)]. Now assume that d is fixed and that gi, gt, • ■ • ,gn is the corresponding finite set. Now let LA U (a) = U(a*). Let gi be the finite set of elements of B corresponding to the cosets gi+A. Let g be any element of B corresponding to the coset g+A, and consider the distance d[g(x*), gi(x*)], where x* is any element of U(a*). Remembering that g(x*) =LA [g(x) ] and that gi{x*) =LA [gi(x) ] as well as the local compactness of R, we see that d may be so chosen that the distance in question is less than any e specified in advance. This is sufficient to prove the theorem.
If K* is a closed set in an auxiliary space, the set K is said to be a true section of L^iK*) provided (1) that it is closed, and (2) that it contains precisely one point on L~l{x*) for every x* in K*.] Bearing in mind the notation of the preceding theorem, we let Lb(Ra) =Rab-This space RAb is homeomorphic to Ra which we ordinarily denote by R*. Lemma 1. Let K* be a closed set in R*(RAb). If KA is a true section of L^iK*), and if K is a true section of L^^Ka), then K is a true section of L-^K*). ■ This lemma, the proof of which will be left to the reader, provides an opportunity to obtain true sections in complicated cases from true sections for simple cases.
The following lemma due to Zippin will also be useful in this connection.! Lemma 2. Let F(t) be a continuous function which is defined on a linear interval agtgb and whose values are disjoined closed zero-dimensional sets in a compact metric space. Then there is a continuous point valued junction /(/) defined on agtfsb in such a way that f(t) is in F(t). This may be chosen so that if eis any point in the interval, f(c) is any desired point of F(c). This is equivalent to saying that there is a true section of the continuous family of sets which are the functional values of F(t).
Theorem 9. If G is a one-parameter topological a.p.t.g. of R whose minimal closed invariant sets are at most one-dimensional, then for any arc a*b* in R* there is a true section ab in L~1(a*b*).
To begin with assume that a*b* is in M*. It will first be shown that if c* is any point of a*b*, then there is a subarc e*f* including c* on its interior which is such that if c is any point of Z_1(c*) there is a true section ef in Z_1(e*/*) containing c.
In order to prove this, note that the family of curves filling L~x{aV) is a regular family so that Whitney's results on local cross sectionsf may be applied. Let c be a definite point of L~l{c*), and let S be a cross section of the family of curves through c (Whitney, loc. cit.). Now Oc S must be zerodimensional for if it were one-dimensional, then Oc would be at least twodimensional. Hence there is in 5 an open set 0 including c which has no points of Oc on its boundary. There must be a small arc e*f* including c* in its interior which is such that for any point x* in e*f*, [Z_1(a;*)]-0 is a closed zero-dimensional set and Z_1(x*) does not intersect the boundary of O. The family of sets [L_1(x*)]-0 for all x* in e*f* is a continuous family of zerodimensional sets, and hence by Lemma 2 there is an arc ef which is a true section and which goes through c.
By the Heine-Borel theorem there are a finite number of arcs of the same type as e*f* which cover a*b*. Hence a*b* may be divided into a finite number of subarcs a*a*, a*a?, ■ ■ ■ , a*b* which are such that L~1(a*a*) has a true section through any point of Z_1(a*), L~1(a*a2*) has a true section through any point of L~x{a*), and so on. Now choose any true section aax of L-1(a*a*). Choose a true section of L~l(a*a*) which begins at ah call it a\a2. Then choose a true section of Z_1(a*a3*) which begins at a2, call it a2a3. Proceeding in this way there is obtained a finite set of true sections whose sum is a true section of Z,-1(a*o*). The proof of the theorem is now complete for the case where a*b* is in M*.
Suppose now that a*b* is anywhere in R* so that part of it may be in F*. Let K* = a*b*. The set L~l(K* F*) is its own true section. The set K*-M* f Annals of Mathematics, vol. 34 (1933) , p. 244.
DEANE MONTGOMERY
[September may be represented as the sum of the interiors of a countable set of intervals c*d*, where c* and d* are in F*. The interior of any interval c*d* may be represented as the sum of a doubly infinite set of adjacent intervals cfcf+i, where i runs over all positive and negative integers. For each i the set L~l(cfcf+i) has a true section dci+i, where either c{ or ci+i can be chosen arbitrarily in L~l{cf) or i_1(cf+1) respectively. We may therefore assume, as our notation has anticipated, that the last point of c{ci+1 coincides with the first point of Ct+iCi+2-Let L-1(c*) =c and L~l(d*) =d. Then the set 'Y^Cid+x+c+d is a true section of L-1(c*d*); because of the a.p. character of G, the sum converges properly toward c and d. Since this same process can be carried out in each interval, it is clear that there is a true section of L~1(a*b*) and the proof of the theorem is now complete.
Corollary.
Let G be the circle group, and let G be a topological t.g. of R. Then if K* is an arc in R*, there is a true section of Z,-1 (./£*). This is a special case of the preceding theorem.
Theorem 10. Let G be a connected compact one-dimensional t.g. of R. Then if K* is an arc in R*, there is a true section K of L~X(K*).
In this case G contains a compact zero-dimensional subset A such that G -A is the circle group. Hence the theorem is an immediate consequence of the preceding corollary and Lemmas 1 and 2.
Lemma 3. If G is a compact one-dimensional topological group, there is in G an arc C including the zero of G as an interior point and which has a certain group property as follows: There is an open subset V of C including zero and such that if u and v are in V, then u+vis in C. This is contained in a result of Pontrjagin.f Theorem 11. Let G be a compact connected one-dimensional t.g. of R. Then if K* is an arc in M*, L~X(K*) is two-dimensional.
There is an arc ab which is a true section of L^(K*) by Theorem 10. Let C be the arc and V the subset of C of the preceding lemma. The "group" C may be assumed to be locally isomorphic to a part of the real number group, and we will speak as if the elements of C were real numbers. If F is chosen sufficiently small, then for every v different from 0 in F, »(a)^a; for if there were a set of elements vn with zero as a limit and such that v"(a) =a, then for every element v in V, v(a) -a. In this case the set H(a) of elements of G leaving a fixed is one-dimensional, and therefore the orbit is zero-dimensional which means in this case that it is a point. But this is a contradiction, and we conclude that our original statement must be true. A similar statement is true for all elements x in K. There is in fact a V so small that for every v different from zero in V and every x in K, v(x) 9^x. If this were not true there would be a set of elements vn approaching zero and a set of elements x" in K which may be assumed to approach x0 such that vn(xn) =xn. Assume that V is so chosen that if v is in V, v(x0) 9^x0. Now let v be any element in V. For any n, v = knvn-\-un, where k is an integer and \un\ <\v"\. We know that v(xn) approaches v(x0), but v(xn) = (k"v"+un)(xn) =un(x"). Hence v(x0)-Xo, and we have reached a contradiction from which we conclude that a F of the type stated exists. Assume that V consists of all elements of the type \v\ <r where r is a positive number. If \v\\ <r/2 and \v2\ <r/2 and ti9*9t then Vi(x) = v2(x), for if vi(x) =v2(x), then (vi -v2)(x) -x and | v\ -v2\ <r. Consider all elements of the form v(x) for x in K and v in V. This set is homeomorphic to the product of an open interval and a closed interval and is therefore two-dimensional. We have now proved a slightly stronger result than the one stated in the theorem, namely, that the arc ab is actually imbedded in a two-cell which is in Z,_1(a*ö*). 6. We have the following theorem:
Theorem 12. If G is a one-dimensional connected compact t.g. of R3, then M* is at most two-dimensional.
If M* were three-dimensional, it would contain a compact three-dimensional set and hence a compact three-dimensional
Cantorian manifold.f In fact there would have to be a point a* in M* such that an arbitrarily small three-dimensional Cantorian manifold contained it. On the other hand, M* contains no cut points because the inverse of a point is one-dimensional, and a* must be an interior point of an arc which is in M*.| This arc separates M* locally at a* because the inverse of the arc contains a two-cell and therefore separates R3 locally. These two facts contradict each other, and it may therefore be concluded that M* is at most two-dimensional.
Theorem 13. If G is a one-dimensional connected compact t.g. of R3 whose orbits are uniformly bounded, then G leaves every point of R3 fixed. This is an immediate consequence of Theorems 6 and 12.
Theorem 14. Let G be a one-parameter topological a.p.t.g. of R3 whose minimal closed invariant sets are one-dimensional. If the orbits are uniformly bounded, then every point of R3 is fixed under G.
It is necessary to prove that M* is at most two-dimensional.
If a*b* is
